Using a first-principles based, magnetic tight-binding total energy model, the magnetization energy and moments are computed for various ordered spin configurations in the high pressure polymorphs of iron (fcc, or ␥-Fe, and hcp, or ⑀-Fe), as well as ferromagnetic bcc iron (␣-Fe). For hcp an antiferromagnetic spin configuration is more stable than non-magnetic ⑀ iron up to about 50 GPa. Accounting for magnetism yields better agreement with the experimental equation of state, in contrast to the non-magnetic equation of state, which is in poor agreement with experiment below 50 GPa. We also studied non-collinear magnetism in ␥and ⑀-Fe. In ⑀-Fe the non-collinear effects are quite small energetically; in its stability field the collinear afmII structure is more stable than all non-collinear structures we explored.
Introduction
Magnetism is known to be important in the phase stability, structure and elastic properties of iron. For example, ␣-Fe, the ground state at ambient conditions, would be mechanically unstable if it were not magnetic. Even above the Curie temperature, T c , there are local magnetic moments in ␣-Fe. Face-centered cubic iron (fcc or ␥-Fe) has incommensurate magnetic correlations which change rapidly with volume, and give rise to the anti-Invar effect (large thermal expansivity) (Mryasov et al., 1992) . The magnetic behavior of ⑀-Fe is important for high pressure materials research, and for interpreting high pressure experiments aimed at understanding the Earth's inner core. Hcp iron is not quenchable to zero pressure, so magnetic studies must be made in situ at high pressures; it was long thought to be non-magnetic, due to several Mössbauer experiments that showed no hyperfine splitting in ⑀-Fe, even down to helium temperatures. However, self-consistent first-principles computations show a magnetic ground state for ⑀-Fe which is stable up to about 50 GPa (Steinle-Neumann et al., 1999) . Recently the hyperfine fields were computed for antiferromagnetic hcp-Fe using the LAPW method, and it was found that the predicted hyperfine fields are too small to be observed in Mössbauer due to cancellation of the valence and semi-core contributions to the magnetic field at the nucleus (Steinle-Neumann et al., 2004) . Therefore the theoretical prediction of magnetism is not in contradiction to experiments. Here non-collinear magnetism in ⑀-Fe is explored using a magnetic tight-binding model fitted to first-principles calculations.
When magnetic moments are collinear, electrons can be considered to be "spin-up" or "spin-down" in a global sense, i.e. there is a global magnetic quantization direction. This means that one can solve for the spin-up and spin-down electrons separately, and then combine the results to compute the total charge density. When moments are oblique to each other, the spin state is said to be "non-collinear." In that case the problem does not factorize, and one must diagonalize a Hamiltonian of twice the order of the collinear case. A system can be non-collinear either in response to chemical or thermal disorder, or in order to minimize frustration. Both hcp and fcc lattices are frustrated with respect to antiferromagnetism, in that one cannot order these lattices antiferromagnetically so that all neighbors have opposite spins. This is known to lead to spin-waves and non-collinear magnetism in fcc-Fe. Also, a common example of non-collinear spins occurs on heating bcc-Fe above the Curie point, where the spins disorder dynamically. A comprehensive review of the theory of non-collinear magnetism is given in Sandratskii (1998) .
Method
To study non-collinear magnetism in Fe, a first-principles-based non-magnetic tight-binding model (Cohen et al., , 1997 Wasserman et al., 1996) is combined with a model for magnetism (Pickett, 1996) . The model described here is improved relative to an earlier version (Mukherjee and Cohen, 2001) which neglected the magnetic terms that arise from the non-orthogonal basis, the fact that the sand p-states are also spin polarized, and the output moment directions as well as magnitudes are obtained self-consistently, and both can be constrained by self-consistently determined staggered magnetic fields.
The total energy in the model is given by
where I jLjL is the Stoner parameter that represents the exchange interaction on state L from state L on atom j, b j is an applied magnetic field on atom j, |m jL | is the magnitude of the magnetic moment of state L on atom j. The last term in Eq. (1) is to subtract the interaction energy with the applied field, so that the energy for given moments in the absence of a field can be obtained. The moments are obtained from the spin density matrix ρ σσ ρ jLσσ = 1 2 n,n ,j,j ,L C * jLnσ S jLn,j L n C j L n σ
where S is the overlap matrix, C is the eigenvector (orbital coefficients), and n labels the different orbitals for each L. The spin density matrix can be decomposed into Cartesian moments in terms of the Pauli spinor matrices, σ i , or into spherical coordinates by
where θ : 0 ≤ θ ≤ π is the polar angle and φ is the azimuthal angle. The moments in Cartesian coordinates are
E bs is the band structure energy for the magnetic system
where ⑀ i,k is the band eigenvalue i at k-point k, w k is the k-point weight, f is the Fermi function, and E F is the Fermi level, which is found so that the total number of electrons is correct,
The order of the Hamiltonian (H) of the system is double the order n of the Hamiltonian of the non-magnetic system. The non-magnetic part is reproduced in the two diagonal order-n blocks, and the off-diagonal blocks are for non-collinear matrix elements, so that the Hamiltonian has the structure ↑↑ ↑↓ ↓↑ ↓↓
The overlap S is also doubled, with the off-diagonal blocks zero. There are 18 orbitals, s↑, 3p↑, 5d↑, s↓, 3p↓, and 5d↓ orbitals for each atom j.
The Kohn-Sham Hamiltonian is derived from the total energy equation (1) from the variational principle, and is given by
where H 0 is the non-magnetic Hamiltonian and σ 0 is the 2n × 2n identity matrix, and σ i are the Pauli spinor matrices mapped onto the 2n × 2n space. The elements of the overlap matrix S and non-magnetic Hamiltonian H 0 are unchanged from the non-magnetic non-orthogonal tight-binding model (Cohen et al., , 1997 Wasserman et al., 1996) except for being repeated in the diagonal ↑↑ and ↓↓ blocks. H 0 was accurately fit to eigenvalues and total energies from an extensive set of non-magnetic linearized augmented plane wave (LAPW) results within the generalized gradient approximation (GGA) (Perdew et al., 1996) in the bcc, fcc, and hcp structures as functions of pressure and strain, and has been extensively tested (Cohen et al., , 1997 Wasserman et al., 1996) . The code runs in three modes: (1) the moment magnitudes and directions and total energy can be determined self-consistently, (2) the moment directions are constrained, and the moment magnitude and total energy are determined self-consistently, (3) the moment directions and magnitudes are constrained and the total energy is determined. In modes (2) and (3) the moments are constrained by applying staggered fields b j on each site j. The fields are found using a penalty function and a self-consistent procedure. The procedure used to find the constraining fields is similar to, but different from, the procedure outlined in Ujfalussy et al. (1999) . A penalty function is also used when necessary to prevent unphysical charge transfer between the atoms.
The model differs from the conventional Stoner model (Stoner, 1938) , in which a ferromagnetic instability is predicted by the inequality IN(0) > 1, where N(0) is the non-magnetic density of states at the Fermi level, and the extended Stoner model (Krasko, 1987) , in which N is replaced by the effective density of states N(M) = M/δ , where δ⑀ is the exchange splitting, in that our model includes the changes in band structure with spin-polarization due to different hybridization depending on magnetic state, accounting thereby to the actual magnetic structure.
Results and discussion

bcc
The model is in good agreement with previous self-consistent calculations for ␣-Fe. The lowest energy state for ␣-Fe for the model at ambient and at higher pressures is ferromagnetic, in agreement with the first principles LAPW self-consistent calculations (Stixrude et al., 1994) . As pressure is increased the magnetization energy decreases smoothly (Fig. 1) . The value of I needed for quantitative agreement is almost constant (around 1 eV) for larger atomic volumes or lower pressures but increases for higher pressures. This is consistent with the increase in the exchange interaction at higher pressures noted previously (Asada and Terakura, 1992) . Even though Stixrude et al. (1994) . I is chosen to best fit the LAPW magnetization energies and the best-fit I is also shown in (a). the exchange interaction increases with pressure, the non-magnetic density of states near the Fermi energy decreases, giving rise to a net reduction in the magnetic moment and magnetization energy, and finally the loss of magnetism at around atomic volume of 40 bohr 3 (1 bohr (=atomic unit = au) = 0.529177 Å).
The Stoner parameter I was adjusted at each volume to give agreement with self-consistent full-potential linearized augmented plane wave magnetization energies (Steinle-Neumann et al., 1999) for bcc. I is ex- Wavevectors q = 0 and 1 correspond to ferromagnetic and antiferromagnetic structures, respectively, and q = 0.5 is a non-collinear spin state with relative angle between the neighboring spins of π/2. (a) LMTO results from Mryasov et al. (1992) . (b) LAPW results from Sjöstedt and Nordström (2002) . (c) Results from this study using the best-fit value of I (1.066, 1.052, 1.047, 1.041, and 1.03 eV for the volumes shown). The tight-binding results show the correct behavior of ferromagnetic at large volumes and antiferromagnetic at small volumes with a non-collinear transition region. The results of Sjöstedt and Nordström (2002) seem more different than our results and those of Mryasov et al. (1992) than can be explained by the atomic moment approximation. Note that the line dashes and volumes correspond for (a) and (c), but not for (b).
pected to increase as the electronic density increases with decreasing atomic volume, similar to what has been seen before for ␥-Fe (Krasko, 1987) and ␣-Fe (Fig. 1) .
fcc
␥-Fe shows a great richness in non-collinear magnetic structures as volume is varied, and here it is not explored in detail; much study has been done, as reviewed in Sandratskii (1998) . The energies and moments for fcc-Fe with spiral spins along (0 0 1) and θ = π/2 were determined using eight-atom supercells, allowing calculations for (0 0 q) with q = 0, π/4, π/2, 3π/4, and π. A k-point mesh of 12 × 12 × 4 was used, giving 72 k-points in the irreducible wedge for tetragonal symmetry. For ␥-Fe, the complex behavior of magnetic moments and the magnetization energy with increasing pressures and varying spiral spin density wave states are qualitatively reproduced by the model (Figs. 2 and 3 ) compared with self-consistent calcula- Fig. 3 . Variation of moments versus wavevector for ␥-Fe for (0, 0, q). (a) LMTO results from Mryasov et al. (1992) . (b) LAPW results from Sjöstedt and Nordström (2002) . (c) Results from this study using the best-fit value of I (1.017, 1.006, 1.003, 1.000, and 0.993 eV for the volumes shown). Note that the line dashes and volumes correspond for (a) and (c), but not for (b). A high-spin low-spin transition is evident in all cases for ferromagnetic and low-q spin-waves with increasing pressure. tions (Mryasov et al., 1992; Uhl et al., 1994; Sjöstedt and Nordström, 2002) . Quantitatively the results are sensitive to the value of I. In any case there is some variation in self-consistent results for ␥-Fe, due to extreme sensitivity of the magnetic structure to basis set, k-point sampling, etc., due to the small energy scale. Furthermore, the magnetic ground state in ␥-Fe is sensitive to the atomic moment approximation (Sjöstedt and Nordström, 2002) in the tight-binding model; that is the moment is really a field that varies with position in the crystal, and is not constant on each atom.
Within the atomic moment approximation our results are reasonably consistent with the self-consistent results. More detailed comparisons with the comprehensive non-collinear LAPW calculations of Sjöstedt and Nordström (2002) including k-point convergence tests are called for, but have not yet been done. In Sjöstedt and Nordström (2002) 4000 k-points were used in the full Brillouin zone, compared to our 4608, which seems comparable. It is more difficult to compare with Mryasov et al. (1992) since a real space multiple scattering approach and a muffin-tin potential approximation was used.
hcp
Previous collinear first-principles calculations show stability of an antiferromagnetic state, afmII, in hcp-iron (Steinle-Neumann et al., 1999) . Moreover, the computed equation of state of afmII greatly improves agreement with the experimental equation of state. An hcp lattice is frustrated for antiferromagnetism; it is not possible to have perfect antiferromagnetic order on it. In the afmII structure each atom has eight antiferromagnetically oriented and four ferromagnetically oriented neighbors, maximizing the antiferromagnetic interactions. In the case of a nearest-neighbor (n.n.) Heisenberg model, which has energy E = J 1 n.n. m i · m j , the energy is independent of the angle between the moments of one antiferromagnetic pair and another (see Fig. 4 ). If non-nearest neighbor interactions are important, or if the Heisenberg model does not completely describe the energetics, the energy might be further lowered if the antiferromagnetic pairs are oblique or perpendicular to each other (i.e. α = 0). The energy does depend on which pairs are chosen to be antiferromagnetic; this gives rise to different possible collinear structures (Fig. 5) . The collinear afmII structure has four atoms per unit cell in space group Pmma (Steinle-Neumann et al., 1999) . In order to tile the lattice with the pattern shown in Fig. 4 , cells with eight atoms are obtained. A value of 1.6 was used for c/a for all of the hcp-based calculations here, which is close to the ground state value for the volumes studied here. Tests showed that c/a does not vary significantly (<0.005) with magnetic state. A dense 12 × 12 × 12 k-point mesh, giving 216 k-points in the irreducible wedge of the Brillouin zone for the orthorhombic eight-atom cells, was used. Fig. 6 shows the energy versus angle α for different volumes for the ncl structure; α = 0 corresponds to the Pmmn structure. Energies are shown relative to the afmII structure. In all cases the energy decreases when α is varied from zero, but for volumes less than or equal to about 70 bohr 3 (about 2 GPa), the afmII structure is more stable than the non-collinear structure. Table 1 shows the results of the tight-binding model for hcp Fe with ferromagnetic, afmII, and the non-collinear structure with α = 90 • (ncl). The ground state non-collinear total energies of ⑀-Fe were fit to a Vinet equation of state (Vinet et al., Fig. 6 . Energy vs. α for a planar non-collinear structure (Fig. 4) . The collinear Pmmn structure is represented by α = 0. The labels for each curve are the volume per atom in bohr 3 . Energies are relative to afmII. These structures are those considered by Diep (1992) . 1987) as a function of volume. Table 2 shows the results both using K 0 = 4 and allowing K 0 to vary. K 0 = 4 is the value for a second-order finite strain expansion (Birch, 1978) , although it has no special meaning in the Vinet equation. One expects K 0 > 4 if something interesting is happening during compression, such as changes in crystal or magnetic structure with pressure. In any case, K 0 , that is the pressure derivative of the bulk modulus at zero pressure, is difficult to accurately constrain from equation of state data, and rather is a parameter that along with K 0 and V 0 describes the whole equation of state. This is especially true for hcp-Fe, which is not stable at zero pressure, so that V 0 , K 0 , and K 0 are fictive. The parameters presented here are also derived from the whole equation of state, but the data contains only systematic, not random errors. For non-magnetic Fe, K 0 = 4 is not a bad approximation, but when magnetism is included K 0 > 5. The results show that the tight-binding model is in reasonable agreement with the self-consistent LAPW computations of Steinle-Neumann et al. (1999) (Table 2) (Fig. 7) .
The above parameters are based on fitting a large range of volumes, whereas the magnetic region is restricted to volume above 60 bohr 3 (approximately 50 GPa). When the fit is restricted to this region the bulk modulus further softens (Table 2 ). This shows that although the Vinet equation is excellent when structural or magnetic transitions are not involved (Cohen et al., 2000) , it is not perfect when there are changes in magnetic moment with compression. In any case, since the experimental zero pressure parameters were also derived from fitting the whole Table 2 Comparison of experimental and theoretical values of equilibrium volume (V 0 ) and bulk modulus (K 0 ) for ⑀-Fe
Experimental (Mao et al., 1990) In spite of theoretical evidence for magnetism in ⑀-Fe, and the great improvement in the equation of state when magnetism is included, the experimental situation is unclear. Mössbauer spectroscopy shows no evidence of magnetism in hcp Fe (Taylor et al., 1982 (Taylor et al., , 1991 . X-ray absorption spectroscopy also has been interpreted to show lack of magnetism (Rueff et al., 1999) , but due to the absence of an absolute calibration, and sensitivity of the spectrum to changes in the density of states, the experiments show only that magnetic moments are lower in ⑀-Fe than ␣-Fe, a result consistent with theory. On the other hand, there is some independent evidence of magnetism from Raman spectroscopy, which shows two peaks (Merkel et al., 2000) , instead of the one expected in the hcp structure. The frequencies and splitting of these peaks are predicted well from first-principles calculations for magnetic ordered afmII ⑀-Fe. Calculations shows that the absence of observed splitting in Mössbauer is due to cancellation of the valence and semi-core contributions to the hyperfine fields (Steinle-Neumann et al., 2004) .
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